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A B S T R A C T

Pulsatile flow occurs in medical devices, impacting heat transfer and fluid behavior. It has practical significance
in several disciplines, including thermodynamic devices. Pulses in flow and pressure influence pipe systems,
reciprocating pumps, and compressors. Motivated by this, we simulated corrugated microchannel with Jeffery
fluid flow enhanced by tri-nanoparticles to investigate this type of flow in detail. The model assumed that, in
addition to external temperature influences, conduit walls experience electric and magnetic fields, governed by
momentum and heat equations, along with electric potential and pulsing pressure equations. Using the pertur-
bation method and Mathematica software, we derived semi-analytical solutions for the governing partial dif-
ferential equations in their complex form. nanoparticle-enhanced blood exhibits improved thermal performance
compared to pure fluid, with the type and concentration of nanoparticles (Fe3O4, Au, SWCNTs) significantly
impacting heat dissipation and temperature distribution within the microfluidic conduit. Higher nanoparticle
concentrations increase liquid viscosity, reducing velocity inside the conduit; however, a magnetic field can
reverse this effect. This study underscores the application of pulsatile flow in heart pumps, where optimizing
thermal characteristics can enhance device efficiency and patient outcomes.

Introduction

Distinguished by its simplicity, the Jeffery fluid is a non-Newtonian
fluid. It uses time derivatives to characterize its behavior, as opposed to
convected derivatives. Its linear viscoelastic characteristics make it very
desirable for use in the polymer industry and other fields, these fluids are
relevant in many different contexts. In order to understand the dynamics
of blood flow, one must take into account viscoelastic behavior, which is
related to Jeffrey fluid. Hussain et al. [1] analyzed the combined heat
transfer for the Jeffery fluid’s peristaltic transit in a curved channel
while it is exposed to a magnetic strength and the implications of ther-
mal radiation and Joule heating. Kumar et al. [2] simulated the motion
of the blood flow inside irregular vertical peristaltic channel using Jef-
frey model under the radiation effect. Latha et al. [3] Examined of the
effects of heat dissipation on MHD peristaltic flow of Jeffery and New-
tonian fluid through an asymmetric channel. Manjunatha et al. [4,5]
investigated the impact of the Jeffery fluids’ varying viscosity and

thermal conductivity run within an inclined, axisymmetric, porous,
uniform, or non-uniform tube. In order to investigate the effects of
electroosmotic and wall properties of peristaltic microchannels filled
with Jeffery liquid, Rajashekhar et al. [6] expanded on previous two
researches. Tanveer et al. [7] examined the convective boundary con-
ditions operating on a curved peristaltic duct filled with MHD Jeffery
nanofluid.

Corrugated microchannels have attracted a lot of interest because of
their many uses, in heat transfer and energy management Increasing
miniaturization in industries including microelectronics, space appli-
cations, defense, and medical equipment has raised thermal load den-
sity. In order to ensure safe operation, corrugated microchannels are a
useful way to quickly remove large heat loads from components.
Numerous engineering and medicinal applications on the topic have
been addressed in published literatures. The electroosmotic impact
on the Jeffrey fluids in an opening microchannel was studied by Liu et al.
[8]. The flow of nanofluids inside corrugated microchannels in the
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presence of a magnetic force was studied by Rashid et al. [9]. The in-
fluence of coupled electromagnetohydrodynamic flow in a micro-
channel with a regular wavy rough wall through a porous material and
its related heat transfer characteristics examined by Reza et al. [10]. The
effects of single-walled carbon nanotube particles running inside a
corrugated microchannel under the combined influence of electromag-
netic and thermal forces were covered by Sayed et al. [11]. Si et al. [12]
investigated the EMHD viscoelastic fluid over the microparallel corru-
gated panels under Lorenz force generated due to the combined influ-
ence of a horizontal electrical force and a vertical magnetic force. Xuan
et al. [13] studied analytically the DC and AC electroosmotic flow in
microchannels with arbitrary cross-sectional shape and arbitrary wall
charge distribution.

Unique characteristics of nanofluids rendering them potentially
valuable in a range of applications, including transfer of heat. They
outperform the base fluid in terms of convective heat transfer coefficient
and thermal conductivity. Applications include anything from fuel cells
and microelectronics to pharmaceutical manufacturing and hybrid
power plants. Abdel-Wahed and others [14–21] investigated a number of
models used with nanofluids, assessing the impact of these models on
the physical and thermal characteristics as well as how these charac-
teristics reflected in the mechanical characteristics of certain models,
including stiffness, hardness, ductility, and strength. They evaluated the
heat treatment procedures used on flat, cylindrical, and disc surfaces as a
means of applying the cooling process, as well as the rate at which this
type of fluids improved these characteristics. El-Bashbeshy et al. [22]
Examined the unsteady nanofluid flow over a moving cylinder subjected
to several thermal forces and their impact on the mechanical properties.
Mohammadein et al. [23] suggested KKL model to investigate the flow
and heat transfer of the boundary layer over a moving plate exposed to
magnetic force and nonlinear thermal radiation. Raslan et al. [24] used a
combination of nanofluids and micropolar fluids as a cooling mixing for
a flat surface exposed to a magnetic field. On the same model as Raslan,
Sayed et al. [25] studied entropy and the extent to which it was affected
by this mixture of fluids in the presence of different thermal influences.

A blend that includes two/three distinct types of nanoparticles is
called a ternary nanofluid. A base fluid’s unique features and behavior
can result from the mixing of several types of nanoparticles, such as
metallic, non-metallic, and carbon nanotubes. Plastic films, heat ex-
changers, glass fiber, petroleum products, polymer sheets, and elec-
tronic gadgets are among the items made with these nanofluids [26–31].

In fluid dynamics, periodic fluctuations in flow result in pulsating
flow commonly referred to as Womersley flow, the Fluid motion with
regular oscillations is referred to as pulsating flow. These differences
may be caused by internal (such as blood flow in arteries) or external
(such as rotating mechanisms) influences. For cardiovascular systems,
pulsatile flow is typical in animals with circulatory systems (such as
humans) because of the heart’s regular pumping action. Moreover Hy-
draulic systems and engines, Fluid flow pulsations can be produced by
rotating machinery. Ali et al. [32] examined the pulsating flow of NNF
(micropolar-Casson) in a narrow, porous channel with applying of -
magnetic field. Kannaiah et al.[33] Conducted a numerical investigation
of the effect of pulsing pressure on blood flow when Fe2O3 nanoparticles
are positioned inside a vertical channel. Somasundaram et al. [34]

demonstrated the magnetohydrodynamic pulsing flow of blood-carrying
Al2O3 nanoparticles in a channel, including the influence of viscous
dissipation and Joule heating effects. Subramanyam et al. [35] compared
the pulsating pressure impact on two different types of hybrid nano-
particle (Au+ SWCNT)/ (Au+MWCNT) that support blood flowing in a
porous vertical channel. Sayed et al. [36] examined the flow behavior of
the blood under the effect of pulsating pressure running inside Corru-
gated unsymmetrical microchannel. More publications discuss the
impact of nanofluids founded in [37–40].

The intent of this work is to investigate the impact of blood sup-
ported by three kinds of nano particles on the flow and heat transfer
within a micro- corrugated conduit under the influence of pulsating
pressure, electric and magnetic fields, and other factors after reviewing
prior literature to ensure the work novelty. Using the governing flow
equations in their partial differential form as a model, the issue was
solved analytically based on the perturbation approach.

Physical simulation of the issue

Suppose a 3-Dimensinoal incompressible, unsteady, laminar, elec-
trically conducting Jeffrey fluid flow supported with three types of
nanoparticles (Au, Fe3O4, and SWCNTs) with base fluid (Blood) density
ρf , electrical conductivity σ running between two fixed corrugated walls
(Table 1). The height of the walls assumed 2H, such that the typical
height of H ≅ 100μm, the layer thicknessW where L≫H, the amplitude
of the corrugated wall is 0.1H, representing a geometric deformation in
microchannels fabricated using precise manufacturing techniques [12].
The undulations of the upper and lower walls of the channel change
according to the following equations [36], Refer to Fig. 1.

y*u = d*1 + a
*
1sin

(
λx*

d1

)

, y*l = − d*2 + a
*
2sin

(
λx* + θ*

d1

)

(1)

The amplitude of the waves is represented by a1 and a2, λ is the wave
number and the width of the channel by H = d1 + d2. The phase dif-
ference between the two corrugated walls is denoted by θ*. Moreover,
the variables a*1; a*2; d*1; d*2 satisfy the condition [41–43]

a*1
2
+ a*2

2
+2a*1a

*
2cosθ ≤

(
d*1 + d*2

)2 (2)

Distribution of electric potential

To determine the net charge density ρe within the Electric Debye
length (EDL) in a conduit with a corrugated wall, we first calculate the
EDL potential ψ* = ψ*(x, y). The electric field E is given by E = − ∇ψ*,
and the divergence of E is ∇ • E = ρe/∊0, which leads to Poisson’s
equation ∇2ψ* = − ρe/∊0. Therefore,

ρe = − ∊0∇2ψ* = − 2ez0n0 sinh
(
ez0ψ*

kBTa

)

, (3)

where n0, e0, z0,Ta,∊0, and kB represent the ion density, electronic
charge, valence, absolute temperature, the solution’s permittivity con-
stant and Boltzmann constant, respectively.

Assuming that ψ* is very small, the term (ez0ψ*/kBTa)≪1 allows us

to approximate the term
(

sinh ez0ψ*

kBTa

)

∇2ψ* = k2ψ* (4)

where k = ez0
̅̅̅̅̅̅̅̅̅̅̅
2n0

∊0kBTa

√
is the Debye–Hückle parameter.

The boundary conditions at the walls become:

ψ* = ζ at y*u = d1 + a1sin
(

λx*

d1

)

, y*l = − d2 + a2sin
(

λx* + θ*

d1

)

(5)

The non-dimensional variables are defined as:

Table 1
Blood and Nano particles physical characteristics.

Property Base fluid/
Blood

Au Fe3O4 SWCNTs

Density (kg/m3) 1050 19300 7800 2600
Thermal conductivity (W/mk) 0.52 318 79.5 6600
Specific heat (j/kgK) 3617 129 461 425
Conductivity (s/m) 0.43 4.1×

107
1×
107

1× 106

Thermal expansion coefficient
(1/k)

0.18 1.4 20.6 27
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ψ =
ψ*

ζ
, x =

x*

d1
, y =

y*

d1
, θ =

θ*

d1
, d2 = αd1, a2 = γa1, a1 = εd1 (6)

Here α is height ratio, γ is amplitude ratio, and where ε is small
amplitude.

by assuming that the potential ζ remains constant, in order to make
the linearized Poisson equation dimensionless, by substitute the non-
dimensional variables into Equation (4).

∇2ψ = β2ψ (7)

In this context,β = kH represents the normalized reciprocal thickness
of the electric double layer (EDL), indicating the ratio between the
microchannels half height and the Debye length (1/k). And the dimen-
sionless boundary conditions for the electrical potential can be defined
as follows:

ψ = 1 at yu = 1+ εsin(λx), (8)

ψ = 1 at yl = − α + γ ε sin(λx+ θ). (9)

The electric potential function is described by the regular perturba-
tion expansion at small values of ε.

ψ(x, y) = ψo(x, y) + εψ1(x, y) + ε2ψ2(x, y) + ........... (10)

By substituting Eq. (10) into Eq. (7), we get

ε0 : ∂2ψo

∂x2 +
∂2ψo

∂y2 − β2ψo = 0, (11)

ε1 : ∂2ψ1

∂x2 +
∂2ψ1

∂y2 − β2ψ1 = 0, (12)

ε2 : ∂2ψ2

∂x2 +
∂2ψ2

∂y2 − β2ψ2 = 0. (13)

A Taylor series around the mean wall locations can be used to expand
the boundary restrictions equations (8) and (9) as follows. y = 1 and y =

− α.

1 = ψ(x,1) + ε sin(λx) ∂ψ
∂y (x,1) +

ε2
2
sin2(λx)

∂2ψ
∂y2 (x,1) + .......... (14)

1 = ψ(x, − α) + γ ε sin(λx+ θ)
∂ψ
∂y (x, − α) + γ2

ε2
2
sin2(λx+ θ)

∂2ψ
∂y2 (x, − α)

+ .......

(15)

Similarly, combining terms with equal powers can further simplify
the corresponding boundary conditions provided by equations (11),
(12), and (13), as seen below.

εo :
{

ψo(x, y) |y=1 = 1
ψo(x, y) |y=− α = 1 (16)

ε1 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ψ1(x, y) |y=1 = − sin(λx)
∂ψo(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

ψ1(x, y) |y=− α = − γsin(λx+ θ)
∂ψo(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

(17)

Equations (11) and (16) provide us with

ψo(y) =
e(y+α)β + eβ− yβ

1+ eβ+αβ (19)

Equations (12) and (17) provide us with.

ψ1(x,y)=
1
2
e− yG1 (− 1+coth((1

+α)G1 ))

⎧
⎨

⎩

c1 sin(xλ)
(
eG1 − e(1+2y+2α)G1

)

+c2 sin(xλ)
(
− e(2+α)G1 +e(2y+α)G1

)
γcosθ

+c2 γcsch((1+α)G1 )sinθsinh((− 1+y)G1 )cos(xλ)

⎫
⎪⎪⎬

⎪⎪⎭

(20)

Equations (13) and (18) provide us with

Fig. 1. The problem’s geometry and physical aspects.

ε2 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ψ2(x, y) |y=1 = − sin(λx)
∂ψ1(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

−
sin2(λx)

2
∂2ψo(x, y)

∂y2

⃒
⃒
⃒
⃒
y=1

ψ2(x, y) |y=− α = − γsin(λx+ θ)
∂ψ1(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

− γ2
sin2(λx+ θ)

2
∂2ψo(x, y)

∂y2

⃒
⃒
⃒
⃒
y=− α

(18)
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ψ2(x, y) =
1
8
e− yβ( − 1+ coth((1+ α)β]))

(
−
(
eβ + e(2y+α)β)( − 1

+ eβ+αβ)β2 − 2eβ( − 1+ e2(y+α)β)c3 − 2
(
e(2+α)β

− e(2y+α)β )(cos(θ) c4 + sin(θ)c6)
)
+
1
8
e− yG2 ( − 1+ coth((1

+ α)G2 ) )
(
β2
( (
e(2+α)G2 − e(2y+α)G2

)
cos(2θ)

+ 2e(1+y+α)G2 sinh((y+ α)G2)
)
+ 4e(1+y+α)G2 sinh((y+ α)G2) c3

+ 2
(
e(2+α)G2 − e(2y+α)G2

)
(cos(θ) c4 − sin(θ) c6)

)
Cos(2xλ)

+
1
4
e− yG2 ( − 1+ coth((1+ α)G2 ) )

( (
− e(2+α)G2

+ e(2y+α)G2
)
sin(θ)c4 + e(1+y+α)G2

(
− 2sinh((y+ α)G2 )c5

+ 2cos(θ) sinh[( − 1+ y)G2 ]
(
β2sin(θ) + c6

) ) )
sin(2xλ)

(21)

where G1,G2, c1, c2, c3, c4, c5 and c6 are defined in appendix A.
The Mathematica software helps to properly solve the equations

(11–13) and associated boundary conditions (16–18) by using the
DSolve function. Using Eq. (10), we can deduce the overall solution for
the potential equation by getting ψo(x, y),ψ1(x, y),andψ2(x, y).

Flow velocity distribution

The equations describing the continuity and momentum balance for
a Jeffrey fluid can be expressed as follows:

∇ • V
⇀
= 0 (22)

ρthnf
∂V

⇀

∂t + ρthnf
(
V
⇀
• ∇
)
V
⇀
= ρthnf g − ∇P+ μthnf∇τ* + F

⇀
−

μ
k
V
⇀

(23)

where:

F
⇀
= J

⇀
× B

⇀
+ ρeE

⇀
. (24)

In Equation (21), ρe and E
⇀
represent the net electric charge density

and the applied electric field, respectively. F represents the Lorentz
force, which arises from the interaction between fluid flow and the
applied magnetic field. In this case, the magnetic field acts in the y-di-

rection as B
⇀

= B0 e
⇀
y, and the uniform electric field is given by E

⇀
= Ex e

⇀
x +

Ez e
⇀
z. Additionally, the electric current density J

⇀
is expressed as J

⇀
=

σthnf
[
V
⇀
× B

⇀]
+ σthnf E

⇀
, where E

⇀
is caused by an x − directional electric

field Rashid and Nadeem [13]. Based on the aforementioned assumption,
only the velocity component w*(x, y) along the z* − axis will be pre-
served, and it remains independent of z* as dictated by the continuity
equation (21). As a result, equation (22) can be simplified as follows:

ρthnf
∂w*

∂t* =
∂τ*x*z*
∂x* +

∂τ*y*z*
∂y* +

∂τ*z*z*
∂z* −

∂P
∂z − σthnfw*B2o+σthnf ExBo+ρeEz −

μthnf
k
w*

(25)

The constitution relation of Jeffrey fluid Liu et al. [14] satisfies:

τ*ij+ λ1
∂τ*ij
∂t* = μthnf

(

γ*ij + λ2
∂γ*ij
∂t*

)

(26)

The stress tensor τ*i j represents the stress in the nanofluid, while μthnf
denotes the variable viscosity of the Ternary Jeffrey fluid. The relaxation
time λ1 and the retardation time λ2 are parameters that describe the

Table 2
Typical values of the physical variables [8,12].

Physical variables Values [units]

Characteristic channel length (H) 40μm
Charge of the photon (e) 1.6× 10− 19C
Electrical potential at the wall (ξ) − 12Vm
Electrical field in axial direction (Ex) 0 − 2× 104V/m
Electrical field in transverse direction (Ez) 0 − 2× 104V/m
Applied magnetic field

(
By
) 1 − 50T

Boltzmann constant (kB) 1.38× 10− 23J/K
Ion density (n0) 1mol/m3

Valence of ions (z) 1
Permittivity of the fluid (∊0) 5.3× 10− 10C/Vm
Viscosity of the fluid (μ) 10 − 6m2/s
Permeability of porous media (K) 0 − 10− 11m2

Electrical conductivity (σe) 1000W/m2

Table 3
Comparison of numerical values of volumetric flow rate (Real numbers) for
different Hartmann number (Ha).

Ha D. Si and Y. Jian [12] Present work Present work
q(1) q(60) q(1) q(60)

0 0.00031 0.00029 0.00030 0.00030
0.01 0.310328 0.30301 0.30510 0.30487
0.5 7.96014 7.95533 7.96214 7.95657
0.75 7.49333 7.48907 7.49747 7.49279
1 6.61813 6.58953 6.60208 6.59863
2 4.10098 4.10179 4.10174 4.10250
3 2.92822 2.93058 2.93280 2.93727

Fig. 2. Velocity variation vs. the nanoparticles concentration.
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behavior of the fluid. The strain tensor is defined as γ*ij =
∂u*j
∂x*i
. Addi-

tionally, μ represents the zero-shear rate viscosity.
The boundary conditions for the problem can be expressed as fol-

lows:

w*( x*, y*u
)
= w*( x*, y*l

)
= 0 (27)

We made the assumption that the liquid flowing through the
microchannel is an incompressible fluid. Moreover, we only considered
the flow in the Z* direction. Additionally, the velocity of the fluid sat-
isfies the condition that the pressure gradient in the z* − direction is
periodic over time.
(

1+ λ1
∂

∂t*

)[

ρthnf
∂w*

∂t* +
∂P
∂z* + σthnfw*B2o − σthnfExBo − ρeEz+

μthnf
k
w*
]

= μthnf
(

1+ λ2
∂

∂t*

)(
∂2w*(x*, y*)

∂x*2
+

∂2w*(x*, y*)
∂y*2

)

(28)

Where assuming that the pressure gradient and velocity and electric
field are write as [39,40]:

∂P
∂z* = −

μthnfωk1cosωt*

d1
= −

μthnfωτ
d1

R
{
eiωt*

}

w* = R
{
u*(x*, y*)eiωt*

}
, Ex = R

{
E0eiωt

*}
, Ez = R

{
E0eiωt

*}

By introducing the following dimensionless variables and substitut-
ing them into Equation (26),

u =
u*(x*, y*)
d1ω ,Ha2 =

B2od21σ
μf

, S =
E0
ω

̅̅̅̅̅
σf
μf

√

,Re =
ρfωd21

μf
,Da =

k
d21

∂2u
∂x2+

∂2u
∂y2 − Bu − p+ δψ = 0 (29)

with the following boundary conditions:

u = 0 at yu = 1+ ε sin(xλ) (30)

u = 0 at yl = − α + γ ε sin(λx+ θ) (31)

Fig. 3. Velocity variation vs. the nanoparticles concentration.

Fig. 4. Velocity variation vs. height ratio α and amplitude ratio γ at θ = 0, π pure fluid, ε = 0.1, λ = 0.1,Re = 2, β = 10,Da = 0.1 , s = 50,Ha = 1.5, τ = 2.
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where:

A =
(1+ iωλ1)
(1+ iωλ2)

,B = A(i)Re+ A
(
A2
A1

)

Ha2 + A
(
1
Da

)

,

p = − Aτ − A
(
A2
A1

)

Hs, δ = A
(
1
A1

)

β2,Hs = Ha*S

A1 =
μthnf
μf

=
1

(1 − ϕ1)
2.5
(1 − ϕ2)

2.5
(1 − ϕ3)

2.5,A2 =
σthnf
σf

σnf = σf
(
(1+ 2ϕ3)σs3 + (1 − 2ϕ3)σf
(1 − ϕ3)σs3 + (1+ ϕ3)σf

)

,

σhnf = σnf
(
(1+ 2ϕ2)σs2 + (1 − 2ϕ2)σnf
(1 − ϕ2)σs2 + (1+ ϕ2)σnf

)

,

σthnf = σhnf
(
(1+ 2ϕ1)σs1 + (1 − 2ϕ1)σhnf
(1 − ϕ1)σs1 + (1+ ϕ1)σhnf

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(32)

Where ϕ1,ϕ2 and ϕ3 represennt the concentrations of single-walled
carbon nanotubes, Iron oxide nanoparticles and gold nanoparticles,
respectively.

The regular perturbation expansion in small values of ε can be used

to describe the velocity.

u(x, y) = uo(x, y) + ε u1(x, y) + ε2 u2(x, y) + ................ (33)

By substituting Eq. (30) into Eq. (27), we get

εo : ∂2uo
∂x2 +

∂2uo
∂y2 − Buo+ δψo = p (34)

ε1 : ∂2u1
∂x2 +

∂2u1
∂y2 − Bu1+ δψ1 = 0 (35)

ε2 : ∂2u2
∂x2 +

∂2u2
∂y2 − Bu2+ δψ2 = 0 (36)

The boundary constraints equations (29) and (30) can be expanded
in the following form using a Taylor series around the mean wall posi-
tions y = 1 and y = − α.

0 = u(x,1) + ε sin(λx) ∂u
∂y (x,1) +

ε2
2
sin2(λx)

∂2u
∂y2 (x,1) + ......... (37)

Fig. 5. Velocity contour variation vs. height ratio α and amplitude ratio γ at θ = 0, pure fluid,ε = 0.05,λ = 0.1,Re = 1,β = 10,Da = 0.5 ,s = 25,Ha = 0.5,τ = 1,
ωλ1 = 0.5π,ωλ2 = 0.1π.
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0 = u(x, − α) + γ ε sin(λx+ θ)
∂u
∂y (x, − α) + γ2

ε2
2
sin2(λx+ θ)

∂2u
∂y2 (x, − α)

+ ..........

(38)

Similarly, the associated boundary conditions given by equations
(32), (33), and (34) can be further simplified by grouping terms with
equal powers, as shown below.

εo
{
uo(x, y) |y=1 = 0
uo(x, y) |y=− α = 0 (29)

ε1 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

u1(x, y) |y=1 = − sin(λx)
∂uo(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

u1(x, y) |y=− α = − γsin(λx+ θ)
∂uo(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

(40)

From Eqs. (32) and (37), we get

It is assumed that the ε1-functions may be expressed as follows based
on Eqs. (33) and (38):

u1(x, y) = f1(y) sin(xλ) + f2(y) cos(xλ) (43)

It is assumed that the ε1-functions may be expressed as follows based
on Eqs. (34) and (39):

u2(x, y) = f3(y) + f4(y) cos(2xλ) + f5(y) sin(2xλ) (44)

where f1(y), f2(y), f3(y), f4(y), and f5(y) are defined in appendix A.
By integrating over the final two terms of the functionw Taylor series

expansion around the average wall locations, one may derive the for-
mula for the volume flow rate per unit channel width. A single wave-
length of corrugations is averaged to determine the final result.

q(x)=
∫ yu

yl
udy=

∫ − α

yl
udy+

∫ 1

− α
udy+

∫ yu

1
udy

=

∫ 1

− α
u0dy+ε

[∫ 1

− α
u1dy+sin(λx)(u0(1))− sin(λx+θ)u0(− α)

]

+ε2
[∫ 1

− α
u2dy+sin(λx)u1(1)− sin(λx+θ)u1(− α)

+
sin2(λx)

2

(
dw0

dx

⃒
⃒
⃒
⃒
y=1

)

−
sin2(λx+θ)

2

(
dw0

dx

⃒
⃒
⃒
⃒
y=− α

)]

+ ....... (45)

The mean velocity is given by

um =
λ
4π

∫
2π
λ

0

q(x)dx = w0m
[
1+ ε2φ± + O

(
ε4
)
.........

]
, (46)

Temperature distribution

The investigation of thermal transport characteristics related to the
combined electromagnetohydrodynamic flows through a corrugated
microchannel filled with a porous medium is described.

(
ρCp
)

thnf
DT*

Dt
= kthnf∇2T* −

∂qr
∂y* +Qo(T

* − To) (47)

The boundary conditions for the problem can be expressed as follows
[1,5]:

T*
(
x*, y*u

)
= T*

(
x*, y*l

)
= 0

Assuming that the Heat writes as:

T* = R
{

θ*(x*, y*)eiωt*
}

By introducing the following dimensionless variables and substitut-
ing them into Equation (45),

T =
θ* − θo
θ1 − θo

,Rd =
4σ*θ3o
k*kf

,Nu =
qwd1

kf (θ1 − θo)
,Q =

d21Qo
μf
(
Cp
)

f

, pr =

(
Cp
)

fμf
kf

∂2T
∂x2 +

∂2T
∂y2 (R)+ ηT+Ωu = 0 (48)

Where:

R =

(

1+
4
3
Rd
A5

)

, η =
prQ
A5

− i(Re)
A4
A5
pr,Ω =

A4
A5

(Nu),A4 =

(
ρcp
)

thnf
(
ρcp
)

f

,A5

=
kthnf
kf

ε2 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

u2(x, y) |y=1 = − sin(λx)
∂u1(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

−
sin2(λx)

2
∂2uo(x, y)

∂y2

⃒
⃒
⃒
⃒
y=1

u2(x, y) |y=− α = − γsin(λx+ θ)
∂u1(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

− γ2
sin2(λx+ θ)

2
∂2uo(x, y)

∂y2

⃒
⃒
⃒
⃒
y=− α

(41)

uo(y) =
e−
̅̅
B

√
(2y+α)− (1+y)β

(
B
(
− 1+ e2

̅̅
B

√
(1+α)

)
(1+ eβ+αβ)

( ̅̅̅
B

√
− β
)( ̅̅̅

B
√

+ β
) )
((
e
̅̅
B

√
(1+y+α) − e

̅̅
B

√
(2y+α) − e

̅̅
B

√
(2+y+2α) + e

̅̅
B

√
(3y+2α) + e

̅̅
B

√
(2+2y+3α) − e

̅̅
B

√
(1+3y+3α)

)(
e(1+y)β

+ e(2+y+α)β )Pβ2 +B
(
e
̅̅
B

√
(2y+α)+(1+y)βP − e

̅̅
B

√
(2+2y+3α)+(1+y)βP+ e

̅̅
B

√
(2y+α)+(2+y+α)βP − e

̅̅
B

√
(2+2y+3α)+(2+y+α)βP+ e

̅̅
B

√
(2+y+2α)+(1+y)β(P − δ)

+ e
̅̅
B

√
(1+3y+3α)+(1+y)β(P − δ) + e

̅̅
B

√
(2+y+2α)+(2+y+α)β(P − δ) + e

̅̅
B

√
(1+3y+3α)+(2+y+α)β(P − δ) − e

̅̅
B

√
(2y+α)+2βδ + e

̅̅
B

√
(2+2y+3α)+2βδ − e

̅̅
B

√
(2y+α)+(1+2y+α)βδ

+ e
̅̅
B

√
(2+2y+3α)+(1+2y+α)βδ + e

̅̅
B

√
(1+y+α)+(1+y)β( − P+ δ) + e

̅̅
B

√
(3y+2α)+(1+y)β( − P+ δ) + e

̅̅
B

√
(1+y+α)+(2+y+α)β( − P+ δ) + e

̅̅
B

√
(3y+2α)+(2+y+α)β( − P+ δ)

))

(42)
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knf = kf
(
ks3 + 2kf − 2ϕ3(kf − ks3 )
ks3 + 2kf + ϕ3(kf − ks3 )

)

khnf = knf
(
ks2 + 2knf − 2ϕ2(knf − ks2 )
ks2 + 2knf + ϕ2(knf − ks2 )

)

kthnf = khnf
(
ks1 + 2khnf − 2ϕ1(khnf − ks1 )
ks1 + 2khnf + ϕ1(khnf − ks1 )

)

(
ρcp
)

thnf =
(
(1 − ϕ1 − ϕ2

− ϕ3)
(
ρcp
)

f

)
+
(

ϕ1
(
ρcp
)

s1

)
+
(

ϕ2
(
ρcp
)

s2

)
+
(

ϕ3
(
ρcp
)

s3

)

with the following boundary conditions:

T = 1 at yu = 1+ εsin(λx) (49)

T = 1 at yl = − α + γ ε sin(λx+ θ) (50)

The regular perturbation expansion in small values of ε can be used
to describe the Heat.

T(x, y) = To(x, y) + εT1(x, y) + ε2T2(x, y) + ........... (51)

By substituting Eq. (48) into Eq. (45), we get

εo : ∂2To
∂x2 +

∂2To
∂y2 R+ ηTo+Ωuo = 0 (52)

ε1 : ∂2T1
∂x2 +

∂2T1
∂y2 R+ ηT1 +Ωu1 = 0 (53)

ε2 : ∂2T2
∂x2 +

∂2T2
∂y2 R+ ηT2 +Ωu2 = 0 (54)

The boundary constraints equations (47) and (48) can be expanded
in the following form using a Taylor series around the mean wall posi-
tions y = 1 and y = − α.

1 = T(x,1) + ε sin(λx) ∂T
∂y (x,1) +

ε2
2
sin2(λx)

∂2T
∂y2 (x,1) + ......... (55)

1 = T(x, − α) + γ ε sin(λx+ θ)
∂T
∂y (x, − α) + γ2

ε2
2
sin2(λx+ θ)

∂2T
∂y2 (x, − α)

+ .......

(56)

Similarly, the associated boundary conditions given by equations
(50), (51), and (52) can be further simplified by grouping terms with
equal powers, as shown below.

Fig. 6. Velocity contour variation vs. height ratio α and amplitude ratio γ at θ = πpure fluid,ε = 0.05,λ = 0.1,Re = 1,β = 10,Da = 0.5 , s = 25,Ha = 0.5,τ = 1,
ωλ1 = 0.5π,ωλ2 = 0.1π.

M.S. Abdel-wahed et al. Results in Physics 68 (2025) 108069 

8 



εo
{
To(x, y) |y=1 = 1
To(x, y) |y=− α = 1 (57)

ε1 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

T1(x, y) |y=1 = − sin(λx)
∂To(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

T1(x, y) |y=− α = − γsin(λx+ θ)
∂To(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

(58)

From Eqs. (50) and (57), we get

To(y) =
(e−

̅̅
B

√
(2y+7α)− (y+3α)β Csc[(1+α) ̅̅η√

̅̅̅
R

√ ]

(B(− 1+ e2
̅̅
B

√
(1+α))(1+ eβ+αβ)(B − β2)(

̅̅̅
B

√ ̅̅̅̅
R

√
− i ̅̅̅η√

)

×(
̅̅̅̅
R

√
β − i ̅̅̅η√

)(
̅̅̅
B

√ ̅̅̅̅
R

√
+ i ̅̅̅η√

)(
̅̅̅̅
R

√
β + i ̅̅̅η√

)η)

B1 (60)

From Eqs. (51) and (58) we assume that the ε1-functions can be
written as:

T1(x, y) = ϑ1(y) Sin(xλ) + ϑ2(y)Cos(xλ) (61)

From Eqs. (52) and (59) we assume that the ε1-functions can be

Fig. 7. Velocity contour variation vs. nanoparticles concentration at θ = 0pure fluid, ε = 0.05,λ = 0.1,Re = 1,α = 1,β = 10, Da = 0.5 ,s = 25,Ha = 0.5,τ = 1,
ωλ1 = 0.2π,ωλ2 = 0.1π.

ε2 :

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

T2(x, y) |y=1 = − sin(λx)
∂T1(x, y)

∂y

⃒
⃒
⃒
⃒
y=1

−
sin2(λx)

2
∂2To(x, y)

∂y2

⃒
⃒
⃒
⃒
y=1

T2(x, y) |y=− α = − γsin(λx+ θ)
∂T1(x, y)

∂y

⃒
⃒
⃒
⃒
y=− α

− γ2
sin2(λx+ θ)

2
∂2To(x, y)

∂y2

⃒
⃒
⃒
⃒
y=− α

(59)
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Fig. 8. Velocity contour variation vs. nanoparticles concentration at..θ = π pure fluid, ε = 0.05,λ = 0.1,Re = 1,α = 1,β = 10,Da = 0.5 , s = 25,Ha = 0.5,τ = 1,
ωλ1 = 0.2π,ωλ2 = 0.1π.

Fig. 9. Mean velocity for..θ = 0, π, ε = 0.05, λ = 0.1, Re = 2, α = 1, β = 10, Da = 0.1 , s = 50, Ha = 1.5, τ =

2(a)variation of relaxation time λ1 (b)variation of retardation time λ2.
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written as:

T2(x, y) = ϑ3(y) + ϑ4(y)Cos(2xλ) + ϑ5(y) Sin(2xλ) (62)

where B1,ϑ1(y),ϑ2(y), ϑ3(y),ϑ4(y), and ϑ5(y) are defined in appendix
A.

Discussion of the Outcome

In this section, we visually examine the behavior of blood fluid
supported by nanoparticles Au, Fe3o4 and SWCNTs as it flows through
corrugated walls. The problem was simulated using a series of partial
differential equations and analytically solved using the perturbation
method. Approximate analytical solutions were obtained using Mathe-
matica software. We investigated the flow rate and heat transfer rate at
various locations in the microchannel.

Additionally, the values of non-dimensional parametric variables
were calculated based on the information provided in Table 2.

It is important to note that the height of the channel, H, is approxi-
mately 40μm for microfluidic investigations. The impact of wavy
roughness and porosity on electromagnetically driven flow and tem-
perature in the microchannel was examined using the following key
parameter values, as referenced in [8,12,15].

O(ρ) ∼ 1× 103 − 5.91× 103kgm− 3,

O(μ) ∼ 0.001kgms− 1,

O(By) ∼ 1 − 50T,

O(Ex)0 − 104Vm− 1,

O(Ez) ∼ 0 − 104Vm− 1,

O(P1) ∼ 10
Pa
m
,

O(Sj) ∼ ( − 1) − ( − 15).

Fig. 10. Mean velocity for θ = 0,π, ε = 0.05, λ = 0.1,Re = 2,α = 1, β = 10, τ = 2(a)variation of HartmannnumberHa,Da = 0.5(b)variation of porousmediumDa,
Ha = 1.5

Fig. 11. Flow rate variation vs. nanoparticles concentration at θ = 0, π pure fluid, ε = 0.05, λ = 0.1, α = 1, β = 10 , τ = 2.

Fig. 12. Mean velocity and ε θ = 0,π,λ = 0.1,Re = 2,α = 1,β = 10,τ = 1,s =

50,Ha = 0.5, τ = 1,ωλ1 = π,ωλ2 = 0.1π.
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In order to verify the accuracy of the obtained results, a comparison
is made with the previously published data using the same conditions.
The comparison can be found in Table 3, with the following parameter
settings: s = 5, β = 0, λ = 0.1,ϕ1 = ϕ2 = ϕ3 = 0, α = 1, γ = 1,ωλ1 =
1.5π,ωλ2 = 0.1π and ∊ = 0.1,Da = ∞.

Behavior of flow velocity

This section gives a thorough description of how the channel’s speed
changes in relation to some of the crucial research parameters. At
different concentrations of nanoparticles, velocity behavior changes,
When the electric field s = 0, there is no Lorentz force acting on the
fluid, as shown in Fig. 2-a. Instead, the pulse pressure force andmagnetic
field will primarily affect blood flow. The velocity of pure fluid without
any particles will be greater than the velocity of blood containing Fe3O4
particles (Nanofluid) ϕ2 = 5%. this is due to the collisions between the
Fe3O4 particles and each other, which create resistance to flow within
the channel, resulting in a decrease in velocity. When gold ϕ3 = 5% and
Fe3O4 particles ϕ2 = 5%. (hybrid fluid) are added, the collisions be-
tween the particles and each other increase, further reducing the ve-
locity. Adding single-walled carbon particles ϕ1 = 5% (ternary fluid)
also reduces the velocity for the same reason.

When there is a strong electric field, the velocity of pure fluid de-
creases (Fig. 2-b). This is because the Lorentz force will act to attract the
gold and Fe3O4 particles, which acquire electric charges, thus giving
greater blood flow. These particles aid in propelling the blood fluid and
surmounting their resistance. The velocity will be higher when the

relaxation time is greater than the retardation time.
In Fig. 3-a, when the relaxation time was less than the retardation

time, the velocity distribution within the channel was consistent.
However, in Fig. 3-b, when the relaxation time was greater than the
retardation time, the flow became more turbulent, which affected the
velocity distribution within the channel. The Reynolds number is critical
in determining the type of flow within the channel. At a lower Reynolds
number, the flow is more streamlined, leading to a noticeable increase in
velocity. As the Reynolds number increases, the velocity decreases. The
highest blood flow velocity occurs when both Fe3O4 nanoparticles and
gold particles (hybrid fluid) are present in the presence of an electric
field, as shown in the figure. This suggests that the combination has a
positive effect on increasing velocity.

Fig. 4 illustrates the difference between the symmetric channel and
the asymmetric channel as the values of relaxation time and retardation
time change. Changes in the values of relaxation time and retardation
time result in differences in the velocity between the symmetric channel
and the asymmetric channel. Figs. 5 and 6 show the velocity contours for
conduit walls with the same or different phase angle after changing both
the height ratio (α) and amplitude ratio (γ). As the height ratio increases,
the undulating motion becomes more fluid and decays at a faster speed.
Furthermore, a significant disruption in velocity is followed by a more
pronounced undulation, particularly in the bottom section of the
conduit, with an increase in the amplitude ratio. By comparing Figs. 3
and 4, one can see that the existence of a phase angle between the walls
results in symmetry and intensity in the velocity movement with
improved flow.

Fig. 13. Contour plot for Heat distribution for θ=0, ε=0.05, λ=0.1, Re=1.5, α=1, γ=1, β=10, Ha=1.5, Da=0.1, s=50, τ = 2, ωλ_1 = π, ωλ_2 = 0.1π, Rd=5,pr=21,
Q=0.1,Nu=0.5(a) pure fluid, (b)Nanofluid, (c)Hybridfluid,(d)Ternareyfluid
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Figs. 7 and 8 depict the velocity contour distribution inside the
conduit with varying nanoparticle concentration at two distinct phase
angles (θ = 0andθ = π). When one or two types of nanoparticles support
pure fluid at the same phase and different phase angles, the contour
velocity clearly increases; however, the addition of three nanoparticles
appears to cause an odd phenomenon, as the contour area begins to
decrease again. With a phase angle (θ = π), the boluses are formed in the
middle of the conduit, forming high flow rings. We limit these boluses by
using one or two nanoparticles, but we notice their re-formation when
we support the blood with three types of nanoparticles.

See Fig. 9-a illustrates the relationship between the mean velocity
and the relaxation time. As observed, the mean velocity increases with
relaxation time. Fig. 9-b shows the relationship between the mean ve-
locity and the relaxation time, showing that the average velocity de-
creases as the relaxation time increases. In both cases, the electric field
was s = 50, which provides a large Lorentz force. The result was that the
fluid’s mean velocity was the highest when mixed with 0.05% each of
Fe3O4 and gold nanoparticles. To see the effect of the electric field and
its impact on the hybrid fluid, we used some small electric fields, as
shown in Fig. 10-a. It shows the relationship between the mean velocity
and the Hartmann number. As the electric field increases, the velocity
increases, demonstrating a clear effect on the nanofluids. It is also
evident that the relaxation time and the relaxation time have an effect
on the mean velocity of the fluid, whether the channel walls are in the
same phase or a different phase. Fig. 10-b illustrates the relationship
between the mean velocity and the porous medium, the change in
electric fields, and their clear influence on nanofluid motion. Looking at

the flow rate in Fig. 11-a, we can confirm that the symmetric channel
provides a higher flow rate compared to the asymmetric channel.
Changing the angle θ illustrates the fluid flow’s wave motion. If we look
at Fig. 11-b, we notice that the flow rate decreases for the same pa-
rameters, except for the relaxation time and the retardation time. If the
relaxation time decreases while the retardation time increases, the ve-
locity decreases, and consequently, the flow rate decreases. In Fig. 12,
the mean velocity increases with the increase in wavelength. We also
observe that the wall wave, when different of phase, increases compared
to its counterpart when in phase.

Fluid temperature behavior

When studying the effects of the parameters on the temperature
gradients in the channel for both symmetric and asymmetric cases of
blood fluid, we refer to Figs. 13 and 14. These figures illustrate the
contour in the case of a symmetric channel with walls in the same phase,
as well as in different phases, respectively. In Figs. 13-a, we see the
contour for blood without nanoparticles, showing a temperature
gradient where the temperature decreases in the middle of the channel.
Meanwhile, Figs. 13-b represents the temperature distribution of blood
with Fe3O4 nanoparticles at a concentration of 0.05, where the addition
of nanoparticles leads to a reduction in temperature. Looking at Figs. 13-
c, we notice that the contour lines have become closer together due to
the addition of gold nanoparticles at a concentration of 0.05 to the Fe3O4
particles. In Figs. 13-d, the blood contains three types of nanoparticles
gold, SWCNTs, and Fe3O4 at equal concentrations of 0.05. The impact is

Fig. 14. Contour plot for Heat distribution for θ=π,ε=0.05,λ=0.1,Re=1.5,α=1,γ=1,β=10,Ha=1.5,Da=0.1, s=50, τ=2, ωλ_1=π,ωλ_2=0.1π, Rd=5,pr=21,Q=0.1,
Nu=0.5(a) pure fluid, (b) Nanofluid, (c) Hybridfluid, (d) Ternareyfluid.
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evident, as this combination causes the contour lines to converge,
resulting in a decreased temperature of the fluid in the middle of the
channel.

When there is a phase difference between the walls of the channel,
we observe in Figs. 14-a that the temperature of the blood without
nanoparticles decreases in the middle of the channel. However, along
the length of the channel, there is a fluctuation in temperature, with
increases in some areas and decreases in others. In Figs. 14-b, the tem-
perature decreases after adding a concentration of 0.05 of Fe3O4 nano-
particles, with a noticeable fluctuation in the middle. Additionally, in
Figs. 14-c, nanoparticles of both gold and Fe3O4 were added at a con-
centration of 0.05 each. When SWCNTs nanoparticles were added at a
concentration of 0.05, along with gold and Fe3O4 nanoparticles to the
fluid, the temperature decreased in some areas while increasing in
others along the length of the channel, as also seen in Figs. 14-d.

In Figs. 15-a, the relaxation time was greater than the retardation
time. We observe that the non-effect of the radiation coefficient on the
channel may affect the blood temperature and cause a thermal response
in the middle of the channel. As the radiation increases, the blood
temperature in the middle of the channel also increases.

As seen in Figs. 15-b, the retardation time was greater than the
relaxation time, which resulted in lower temperatures as the radiation
decreased, and higher temperatures as the radiation increased.

The Hartmann number enhances the effect of temperature, and it
increases as the Hartmann number increases. We observe this change
with the intensity of the electric field, as seen in the difference between
Fig. 16-a and (16-b). The results shown in Fig. 16-c and (16-d) also

demonstrate an increase in temperature as the channel width decreases.
Additionally, there appears to be a difference in the impact on nano-
particles, as the blood containing nanoparticles exhibits lower temper-
atures compared to the blood without nanoparticles.

Conclusion

By carefully tuning the nanoparticle properties and conduit geome-
try, it is possible to optimize the flow characteristics for various
biomedical applications, such as targeted drug delivery, disease di-
agnostics, and tissue engineering. The findings from this study provide
valuable insights into the design and control of nanoparticle-based
microfluidic systems for enhanced performance and functionality.
These finding summered in the following points:

• The EMHD velocity in phase experiences an increase as λ1ω rises,
largely attributed to the pronounced elastic effects. Conversely, it di-
minishes when λ2ω increases, primarily due to the significant retarda-
tion effects characteristic of Jeffrey fluids.

• The presence of the magnetic field leads to a significant alteration
in the velocity behavior within the conduit. This effect is particularly
pronounced as the Hartmann number increases, influencing the flow
dynamics and the relationship between the parameters of the Jeffrey
fluid. The interactions between the magnetic field and the fluid prop-
erties result in notable changes in both in-phase and out-of-phase ve-
locity profiles.

Fig. 15. The Heat distribution vs. the nanoparticles concentration for θ=0,π,ε=0.01,λ=0.1,Re=2,α=1,γ=1,β=10,Ha=1.5,Da=0.1, s=50, τ=2, pr=21, Q=0.1, Nu=3,
(a)ωλ_1=π, ωλ_2=0.1π, (b)ωλ_1=0.1π,ωλ_2=π.
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• Introducing an electric field can either decrease or increase the fluid
velocity, depending on the relaxation and retardation times of the
charged nanoparticles.

• The study of the effects of parameters on temperature gradients in
blood flow channels, both symmetric and asymmetric, reveals that
the presence of nanoparticles significantly contributes to reducing
temperature.

• When there is a phase difference between the channel walls,
noticeable fluctuations in temperature occur, with a significant
reduction observed after adding Fe3O4 nanoparticles.

• Furthermore, an increase in the Hartmann number enhances thermal
effects, with temperature rising alongside the intensity of the electric
field.

• Lastly, the presence of nanoparticles in blood consistently results in
lower temperatures compared to blood without them. This effect is
further influenced by the asymmetry of the channel, which plays a
crucial role in the overall thermal dynamics, demonstrating how
channel geometry interacts with nanoparticle behavior to enhance
thermal properties.
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